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Adaptive Nonlinear Control of Multiple
Spacecraft Formation Flying

Marcio S. de Queiroz,¤ Vikram Kapila,† and Qiguo Yan‡

Polytechnic University, Brooklyn, New York 11201

This paperconsiders the problem of relative positioncontrol for multiplespacecraft formation� ying.Speci� cally,
the full nonlinear dynamics describing the relative positioning of multiple spacecraft formation � ying are used
to develop a Lyapunov-based, nonlinear, adaptive control law that guarantees global asymptotic convergence of
the position tracking error in the presence of unknown, constant, or slow-varying spacecraft masses, disturbance
forces, and gravity forces. Simulation results are included to illustrate the controller performance.

I. Introduction

M ULTIPLE spacecraftformation � ying (MSFF) represents the
concept of distributing the functionality of large spacecraft

among smaller, less-expensive, cooperative spacecraft.1,2 Speci� -
cally, NASA and the U.S. Air Force have identi� ed spacecraft for-
mation � ying as an enabling technology for future missions and
have shown a keen interest in the development of a reliable, au-
tonomous,formationkeeping strategy to deploymultiple spacecraft
for spacemissions,e.g., the Earth Orbiter-I (EO-I) and the New Mil-
lennium Interferometer (NMI), also known as Deep Space-3. This
interesthas led to severalstudiesonautonomousMSFF beingreport-
ed in the literature. For example, in early research Ref. 3 presented
the concept of formation keeping of spacecraft for a ground-based
terrestrial laser communication system, whereas Ref. 4 considered
station keeping for the Space Shuttle Orbiter. Recently, Ref. 5 con-
sidered MSFF control for NASA’s NMI mission using separated
spacecraft interferometry. Similarly, Ref. 6 considered MSFF con-
trol for NASA’s EO-I mission, which is scheduled to demonstrate a
stereo imaging concept in 1999.

The practical implementation of the MSFF concept relies on the
accurate control of the relative positions and orientations between
theparticipatingspacecraftfor formationcon� gurationandcollision
avoidance. Most MSFF control designs use simplifying modeling
assumptions to aid the control synthesis caused by inherent dif� -
culties associated with the structure of the full, nonlinear dynamic
model of MSFF. These simpli� cations result in the well-known
Clohessy–Wiltshire linear,dynamicequations7 ¡ 9 for the relativepo-
sitioning of MSFF. The Clohessy–Wiltshire model has formed the
basis for the application of various linear control techniques to the
MSFF position control problem.3,4,9,10 Reviewing the current state
of MSFF control, it seems that in contrast to linear controlnonlinear
control theory has not been exploited to its full potential in MSFF.
To the best of our knowledge, one of the few results on nonlinear
control of MSFF can be found in Refs. 11–13 using a Lyapunov-
based approach. In particular, Ref. 12 designed a class of control
laws based on exact knowledge of the MSFF model that yielded
local asymptotic position tracking and global exponential attitude
tracking. The application of the controllers proposed in Ref. 12 to
formation rotation of MSFF about a given axis and synchroniza-
tion of individual spacecraft rotation was later reported in Ref. 13.
More recently, Ref. 11 developed an adaptive position controller
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that compensated for unknown, constant disturbances while pro-
ducing globally asymptotically decaying position tracking errors.
This controller, however, required exact knowledge of the space-
craft parameters.

In this paper we consider the full nonlinear dynamics describ-
ing the relative positioning of MSFF for control design purposes.
Using Lyapunov-based control design and stability analysis tech-
niques,we developa nonlinear adaptive control law that guarantees
global asymptotic convergenceof the spacecraft relative position to
any suf� ciently smooth desired trajectory, despite the presence of
unknown, constant, or slow-varying spacecraftmasses, disturbance
forces, and gravity forces. In the case when the parameters are ex-
actly known, the proposedcontrol strategyyieldsglobal exponential
convergence of the tracking errors. In comparison to the work of
Refs. 11 and 12, the proposed controller ensures stronger stability
resultsand accountsfor a wider class of parametricuncertainties.As
in Refs. 11–13, we will consider in this paper the idealized scenario
where the spacecraftactuatorsare capableof providingcontinuous-
time control efforts, as opposed to being of pulse type.9 We note
that the problem of pulse-type, nonlinear control design for MSFF
constitutes an open research problem and is beyond the scope of
this paper.

The paper is organized as follows. Section II presents the non-
linear dynamic model derivation. The control objective is stated
in Sec. III. The control design and closed-loop stability analysis
are presented in Sec. IV. Simulation results are provided in Sec. V,
whereas some concluding remarks are given in Sec. VI.

II. System Model
In this section we present the derivation of a nonlinear MSFF

system model in a form that facilitates the subsequent design and
stability analysis of the nonlinear, Lyapunov-based control law. In
the modeling that follows,we considereach spacecraftto be a point-
mass evolvingin free space.We assume the MSFF � eet is composed
of two spacecraft, i.e., a leader spacecraft that provides the basic
referencemotion trajectoryand a follower spacecraft that navigates
in the neighborhoodof the leader spacecraft according to a desired,
relative trajectory. Furthermore, we assume that the leader space-
craft is in a circular orbit around the Earth with constant angular
velocity x . The precedingassumptionhas been made for the ease of
presentation.The controldesign framework of this paper can be eas-
ily extended to the case where one considers an arbitrary (possibly
non-Keplarian) motion of the leader spacecraft.

A schematic drawing of the MSFF system is depicted in Fig. 1,
where we make the following considerations: 1) the inertial co-
ordinate system {X, Y, Z} is attached to the center of the Earth,
2) R(t ) 2 R3 denotes the position vector from the origin of the in-
ertial coordinate system to the leader spacecraft, 3) the coordinate
system {x ,̀ y ,̀ z }̀ is attached to the leader spacecraft with the x`

axis pointing in the opposite direction as the tangential velocity,
the y` axis pointing along the direction of the vector R, and the z`

axis being mutually perpendicular to the x` and y` axes such that
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Fig. 1 Schematic representation of the MSFF system.

{x ,̀ y ,̀ z`} forms a right-hand coordinate frame, and 4) ½(t ) 2 R3

denotes the relative position vector from the origin of the leader
spacecraft coordinate system to the follower spacecraft.

The nonlinearpositiondynamicsof the leaderand followerspace-
craft with respect to the inertial coordinate system {X , Y, Z} are
given by3,9

m`R̈ + m`(M + m )̀G(R/ k R k 3) + Fd` = u` (1)

and

m f(R̈ + ½̈) + mf(M + mf)G
R + ½

k R + ½ k 3
+ Fdf = uf (2)

respectively, where m ,̀ mf are the masses; Fd ,̀ Fdf 2 R3 are dis-
turbance force vectors and u`(t), uf(t ) 2 R3 are the actual control
input vectors of the leader and follower spacecraft, respectively; M
is the Earth’s mass; and G is the universalgravity constant.Because
M À m ,̀ mf, Eqs. (1) and (2) can be simpli� ed to the following
equations:

m`R̈ + m`MG(R/ k R k 3) + Fd` = u` (3)

and

mf(R̈ + ½̈) + mf MG
R + ½

k R + ½ k 3
+ Fdf = uf (4)

respectively.After some simple algebraicmanipulationson Eqs. (3)
and (4), thedynamicequationdescribingthe positionof the follower
spacecraft relative to the leader spacecraft in the coordinate system
{X, Y, Z} can be written as

mf½̈ + mf MG( R + ½

k R + ½ k 3
¡

R
k R k 3

´
+

mf

m`

u` + Fdf ¡
m f

m`

Fd` = uf

(5)

Remark 1: In the precedingmodel we considerthat the spacecraft
massesvaryslowly in time becauseof fuel consumptionandpayload
variations. Furthermore, we consider that the disturbance forces
result from solar radiation,aerodynamics,and magnetic � elds, and,
hence, are also slow time-varying quantities.11 As such, we can
assume m ,̀ mf are constant parameters and Fd ,̀ Fdf are constant
vectors.

To write thedynamicsof Eq. (5) in termsof themovingcoordinate
system {x ,̀ y ,̀ z`}, � rst notice that the relative position vector ½(t )
expressed in {x ,̀ y ,̀ z`} is given by

½ = x {̂` + y|̂` + zk̂` (6)

where {̂ ,̀ |̂ ,̀ k̂` denote the unit vectors, while the constant angular
velocity x is given by x k̂ .̀ Hence, the relative acceleration vector
½̈(t ) is given by

½̈ = ( ẍ ¡ 2 x Çy ¡ x 2x){̂` + ( ÿ + 2 x Çx ¡ x 2 y)|̂` + z̈k̂` (7)

Furthermore, in the moving coordinatesystem{x ,̀ y ,̀ z }̀ the vector
R = k R k |̂` and is constant. After substituting the right-hand side of
Eq. (7) into Eq. (5), the nonlinear positiondynamics of the follower
spacecraft relative to the leader spacecraft can be arranged into the
following advantageous form:

mfq̈ + C ( x ) Çq + N (q, x , R, u`) + Fd = uf (8)

where the relative position vector q(t ) 2 R3

q(t )
4
= [x(t ) y(t ) z(t )]T (9)

C( x ) 2 R3 £ 3 is the Coriolis-like matrix given by

C( x )
4
= 2mf x

2

4
0 ¡ 1 0

1 0 0

0 0 0

3

5 (10)

N(¢ ) 2 R3 is a nonlinear term de� ned as

N(q, x , R, u )̀

4
=

2

6666664

mf MG
x

k R + q k 3
¡ m f x

2x +
mf

m`

u x̀

mf MG( y + k R k
k R + qk 3

¡
1

k R k 2

´
¡ m f x

2 y +
mf

m`

u ỳ

mf MG
z

k R + q k 3
+

mf

m`

u z̀

3

7777775
(11)

with u x̀ (t ), u ỳ (t ), u z̀ (t ) beingthecomponentsof the leadercontrol
inputvectoru (̀t ) and Fd 2 R3 is the total,constantdisturbanceforce
vector given by

Fd
4
= Fdf ¡ (mf /m`)Fd` (12)

The dynamic model of Eqs. (8–12) has the following property,
which will be exploited in the subsequent adaptive control design.
The left-hand side of the dynamic equation (8) can be linearly pa-
rameterized as

mf» + C( x ) Çq + N(q, x , R, u`) + Fd = W (», Çq, q, x , R, u`)µ
(13)

where » 2 R3 is a dummy variable, W (¢ ) 2 R3 £ 6 is the regression
matrix that is composed of known functions, and µ 2 R6 is the sys-
tem’s constant parameter vector. From the form of Eqs. (8–12), it
is not dif� cult to see that W (¢ ) and µ can be explicitly de� ned as
follows:

W (», Çq, q, x , R, u )̀

4
=

2

6666664

n x ¡ 2 x Çy ¡ x 2x
x

k R + q k 3
u x̀ 1 0 0

n y + 2 x Çx ¡ x 2 y
y + k R k
k R + qk 3

¡
1

k R k 2
u ỳ 0 1 0

n z
z

k R + q k 3
u z̀ 0 0 1

3

7777775

(14)

and

µ
4
= [mf mf MG mf / m` Fdx Fdy Fdz]T (15)

where n x , n y , n z and Fdx , Fdy , Fdz are the components of the vectors
» and Fd, respectively.

III. Control Objective
Given a desired position trajectory qd(t) 2 R3 for the follower

spacecraft with respect to the leader spacecraft [we assume that
qd(t ) and its � rst two time derivatives are all bounded functions
of time], the primary objective of MSFF is to design the control
input uf(t) such that q(t ) ! qd(t ) as t ! 1 . This objective is to
be met with the assumption that q(t ) and Çq(t) are measurable and
under the constraint that the spacecraft masses, disturbance forces,
and gravitational force are not known precisely [i.e., µ de� ned in
Eq. (15) is unknown].

The closenessof this controlobjectiveis quanti� edby theposition
tracking error e(t ) 2 R3 de� ned as

e(t )
4
= qd(t ) ¡ q(t ) (16)
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To accountfor the system parametricuncertainty,the controllerwill
contain an adaptationlaw for on-line estimationof the unknown pa-
rameters. The differencebetween the actual and estimated parame-
ters is de� ned by

µ̃(t )
4
= µ ¡ µ̂(t ) (17)

where µ̃(t) 2 R6 denotes the parameter estimation error vector and
µ̂(t ) 2 R6 denotes the dynamic estimate of the unknown, parameter
vector µ. In addition,we de� ne a � ltered tracking error, denoted by
r(t) 2 R3, as

r(t )
4
= Çe(t ) + K e(t) (18)

where K 2 R3 £ 3 is a constant, diagonal, positive-de�nite, control
gain matrix. The de� nition of Eq. (18) will allow us to consider the
second-orderdynamic equation of Eq. (8) as a � rst-order equation,
thereby simplifying the design/analysis of the controller.

IV. Control Formulation
In the following, we present the complete design and stability

analysisof an adaptivecontroller for the nonlinear, relativeposition
dynamics of MSFF. We initiate the control design by rewriting the
dynamics of Eq. (8) in terms of the de� nition given in Eq. (18). To
this end, we differentiateEq. (18) with respect to time and multiply
both sides of the resulting equation by m f to yield

mf Çr = mf(q̈d + K Çe) ¡ mfq̈ (19)

where we have used the fact derived from Eq. (16) that ë = q̈d ¡ q̈.
After using the system dynamics of Eq. (8) to substitute for mfq̈ in
Eq. (19), we have

mf Çr = mf(q̈d + K Çe) + C( x ) Çq + N (q, x , R, u )̀ + Fd ¡ uf

= W (q̈d + K Çe, Çq, q, x , R, u`)µ ¡ uf (20)

where Eq. (13) has been used with

» = q̈d + K Çe (21)

in the de� nition of Eq. (14). The preceding � rst-order, nonlinear,
differential equation represents the open-loopdynamics of r(t ) and
will be used as the foundation for the synthesis of the adaptive
controller.

Based on the form of the open-loop dynamics of Eq. (20), the
control input uf(t) is designed as follows:

uf = W (¢ )µ̂ + K r (22)

where K 2 R3 £ 3 is a constant, diagonal, positive-de�nite, control
gain matrix. Motivated by the subsequent Lyapunov stability anal-
ysis, the parameter estimate vector µ̂(t ) is updated using the adap-
tation algorithm

Ç
µ̂ = C W T (¢ )r (23)

where C 2 R6 £ 6 is a constant, diagonal, positive-de�nite, adapta-
tion gain matrix. Substituting Eq. (22) into Eq. (20) produces the
closed-loop dynamics for r(t ) as shown next:

mf Çr = ¡ K r + W (¢ )µ̃ (24)

where the de� nition of Eq. (17) was used. In addition,by differenti-
ating Eq. (17) with respect to time, we can use Eq. (23) to form the
following closed-loop dynamics for the parameter estimation error

Ç̃
µ = ¡ C W T (¢ )r (25)

The combination of the error systems of Eqs. (24) and (25) gives
a stability result for the position and velocity tracking errors as
delineated by the following theorem.

Theorem 1: The adaptive control law described by Eqs. (22) and
(23) ensures the global asymptotic convergenceof the position and
velocity tracking errors as illustrated by

lim
t ! 1

e(t ), Çe(t ) = 0 (26)

Proof: To prove the preceding result, we de� ne the Lyapunov
function

V (r, µ̃)
4
= 1

2 rT mfr + 1
2 µ̃T C ¡ 1µ̃ (27)

DifferentiatingEq. (27) with respect to time yields

ÇV (r, µ̃) = rT mf Çr + µ̃T C ¡ 1 Ç
µ̃ (28)

After substitutingthe closed-loopdynamicsofEq. (24) intoEq. (28),
we get

ÇV (r, µ̃) = ¡ rT K r + µ̃T [W T (¢ )r + C ¡ 1 Ç
µ̃] (29)

Substituting Eq. (25) into the bracketed term simpli� es Eq. (29) to

ÇV (r, µ̃) = ¡ rT K r · ¡ k min{K }k r k 2 · 0 (30)

where k min{¢ } denotes the minimum eigenvalue of a matrix.
Because of the form of Eq. (30), we know that V (r, µ̃) is either

decreasingor constant.Because V (r, µ̃) ofEq. (27) is a nonnegative
function,we can conclude that V (r, µ̃) 2 1 ; hence, r(t ) 2 1 , and
µ̃(t ) 2 1 . Because r(t) 2 1 , we can use Lemma 1.4 of Ref. 12
to show that e(t), Çe(t ) 2 1 ; hence, because of the boundednessof
qd(t ) and Çqd(t ), we canuseEq. (16)to concludethatq(t ), Çq(t ) 2 1 .
Because µ̃(t) 2 1 and µ is a constant vector, Eq. (17) can be
used to show that µ̂(t) 2 1 . From the preceding boundedness
statementsand the fact that q̈d(t ) is assumedbounded,the de� nitions
of Eqs. (14) and (21) can be used to state that W (¢ ) 2 1 . It is
now easy to see from Eq. (22) that the control input uf(t ) 2 1 .
The preceding information can be applied to Eqs. (8) and (24) to
illustrate that q̈(t ), Çr(t ) 2 1 . Thus, we have explicitly illustrated
that all signals in the adaptivecontrollerand system remain bounded
during the closed-loop operation.

From Eq. (30) it is now easy to show that r(t ) 2 2 . Because we
have already proved that r(t ), Çr(t ) 2 1 , we can apply Barbalat’s
Lemma12,13 to conclude that

lim
t ! 1

r(t ) = 0 (31)

Finally, Lemma 1.6 of Ref. 12 can be applied to Eqs. (31) and (18)
to obtain the result of Eq. (26).

Remark 2: In the case that the parameter vector µ of Eq. (15) is
perfectly known, the proposed control law (22) with µ̂ = µ (i.e., an
exactmodel knowledgecontroller) would ensure global exponential
convergenceof the positionand velocity trackingerrors in the sense
that

k r(t) k · k r(0) k exp(¡
k min{K }

m f

t

´
(32)

This result can be proven by de� ning the Lyapunov function V
4
=

1
2
rT m fr and using similar arguments as in the proof of Theorem 1

along with Lemma 1.5 of Ref. 12. This stability result improves
upon the asymptotic stability result for the position tracking error
obtained by the exact model knowledge controllers proposed in
Refs. 14 and 15.

Remark 3: To minimize fuel consumption, many MSFF con-
trol systems use pulse-type actuators, e.g., Hall thrusters and pulse
plasma thrusters16; hence, the application of continuous-time con-
trol inputs in these cases for long periods of time is not practical
as noted in Refs. 3 and 14. This constraint would require the im-
plementation of a pulsed-based version of the proposed nonlinear
controller. The effect of this noncontinuous, nonlinear control law
on the closed-loop stability has not be considered in this work and
constitutes an interestingopen problem in MSFF control.However,
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as mentioned in Ref. 14, continuousMSFF control laws can provide
an idealized system response for comparison purposes with the ac-
tual responses obtained from the noncontinuousimplementationof
the controllers.

Remark 4: The controller just developed was based on a sys-
tem dynamics that modeled the spacecraft as point masses, i.e., the
spacecraft attitude dynamics was neglected. As a result, we only
required the design of a translational position controller. A more
complete description of MSFF should include not only the attitude
dynamicsof the spacecraftbut also the nonlinearcouplingsbetween
the translationaland attitudedynamics.The resultingsix-degree-of-
freedom, coupled, nonlinear equations of motion will then dictate
the development of a control system where the torque and force
inputs must be designed in tandem to accuratelycontrol the transla-

Fig. 2 Position tracking error.

Fig. 3 Actual trajectory q(t) of the follower spacecraft ( ¤ denotes the leader spacecraft).

tion and orientation of the follower spacecraft relative to the leader
spacecraft.This issue will be addressed in future work.

V. Simulation Results
The adaptive control law described in the preceding section was

simulated for a two spacecraftMSFF problem having the following
parameters3,9:

M = 5.974 £ 1024 kg, m f = 410 kg, m` = 1550 kg

G = 6.673 £ 10 ¡ 11 m3/kg ¢ s2 , R = [0, 4.224 £ 107, 0]T m

x = 7.272 £ 10 ¡ 5 rad/s, u` = 0 N

Fd = [ ¡ 1.025, 6.248, ¡ 2.415] £ 10 ¡ 5 N (33)
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The desired relative trajectory was selected as

qd(t ) =

2

4
100sin(4 x t )[1 ¡ exp( ¡ 0.05t 3)]
100 cos(4 x t )[1 ¡ exp( ¡ 0.05t 3)]

0

3

5 m (34)

where the exponential term was included to ensure that Çqd(0) =
q̈d(0) = 0. The relativepositionand relativevelocitywere initialized
to

q(0) = [0, 0, ¡ 200]T m, Çq(0) = 0 m/s (35)

Fig. 4 Control input.

Fig. 5 Sample of parameter estimates.

whereas the desired trajectory of Eq. (34) and the initial conditions
of Eq. (35) representa follower spacecraft that is initially stationary
with respect to the leader spacecraftand is then commandedto move
around the leader spacecraftin a circularorbit of radius100 m in the
x` ¡ y` plane with a constant angular velocity 4 x . The selection of
the preceding desired trajectory did not take into account any fuel
consumption considerations; however, it illustrates the capability
of the proposed controller to track demanding trajectories that may
occur during formation recon� guration maneuvers.

The control and adaptation gains in the following simulation
were tuned by trial and error until a good tracking performance
was achieved while the parameter estimates were initializedto 50%
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of the actual parameter values de� ned in Eqs. (15) and (33) [i.e.,
µ̂(0) = 0.5µ]. The set of gains that led to the results shown in
Figs. 2–5 are given next:

K = diag(2, 2, 1), K = diag(100, 200, 120)

C = diag(500, 50, 300, 600, 850, 480) (36)

Figure 2 depicts the position tracking error e(t). The phase portrait
of the trajectory q(t ) of the follower spacecraft relative to the leader
spacecraft is illustrated in Fig. 3, where ¤ represents the leader
spacecraft at the origin. The control input uf(t ) is given in Fig. 4,
whereas four components of the parameter estimate vector µ̂(t) are
shown in Fig. 5.

VI. Conclusion
In this paper we presented the development of a nonlinear adap-

tive control law for the relative position tracking of multiple space-
craft in formation � ying. Using a Lyapunov-baseddesign and anal-
ysis framework, the proposed controller was shown to guarantee
global asymptotic position tracking errors while compensating for
unknown spacecraftmasses, disturbance forces, and gravity forces.
In comparison to previous work, we note that the proposed con-
troller ensures stronger stability results and accounts for a wider
class of parametric uncertainties.Simulation results were provided
to demonstrate the performance of the controller. Future work will
concentrateon the extension of the precedingnonlinear control de-
sign frameworkto othermultiplespacecraftformation� ying control
problems such as position and orientation control, actuator satura-
tion, and output feedback control.
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